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ABSTRACT

The status of the current investigation into the radiant emission

from high temperature air is described. A treatment of emission by

molecular species and some new results in line broadening is included.

Results are presented "or air at temperatures 0.5 to 5.0 eV and

densities from 1.0 to 10 4 times normal.
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'° I. Introduction

The previous report distributed under this program (Ref. 1) described

our approach toward a theoretical prediction of the spectral radiant emission

from high temperature atomic air and included some preliminary results. This

report describes an extension of the previous results toward lower temperatures

at which radiation from molecular species must be included.

The atomic transitions dominating the integrated emissivity are gen-

erally of reasonably well-known strength, width, and energy (Ref. 2 and 3).

Thus we expect our estimates of the spectral air absorption coefficient to

be quite reliable where the absorption coefficient is large. Indeed, our

integrated emissivities agreed well with other reported values (Ref. 4, 5)

which, in turn, generally agree with experimental observations.

For radiation transport calculations, however, results are often

dominated by values of the spectral absorption coefficient where it is small -

the Rosseland mean free path employed in radiation diffusion theory is an

inverse mean of the absorption coefficient (Ref. 1, Eq. 36). Such values

of the absorption coefficient generally include many small contributions -

including transitions with small occupation numbers and wings from distant

lines. Experimental observation and theoretical prediction of many of these

contributions is difficult. (Much of the uncertainty in the magnitude of

the N" cross section involves estimates of such contributions.) Accordingly,

much of our effort this past year has been aimed toward an improved pre-

diction of the abburption coefficient where it is small by isolating
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individual contributions and attempting improved theoretical estimates

thereof.

In Section II we review our definitions of radiation quantities, and

Section III treats some improvements in line width estimates, including a

discussion of the line profile in the line wings. Section IV describes

our molecular emissivity model, with Section V summarizing our results.

For calculation of autoionization cross sections ana for numerical con-

figuzation-interaction Hartree-Fock calculations the integration of the

electron-electron rtrix elements between many-particle states of differing

orbital occupation is a tedious exercise in Racah algebra. Considerable

simplicity is gained with techniques of second quantization (Ref. 6), our

treatmeut of which constitutes Appendix A.

Some of this work was included in our semi-annual report (Ref. 7) -

of limited distribution. We repeat it here for completeness with our cur-

rently "best" results.

II. The Radiative Emissivity

The total power radiated per umit surface area by a uniform isothermal

plasma of temperatures T, density P, may be written approximately (Ref. 1,

Eq. 30 et seq.)

n Tr B(w) [1 - e-4' (w) I dj (watts/cm2 ) (1)
0

in terms of the black body function

B(w) dw = 15 ((T4) u-du (watts! cm2 , sterad.) (2)
4TT ~ U-1
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Here the photon energy w and temperature T are in eV, u = w/T (dimensionless),

and a = 1.028 x l05 watts/cm2 eV4 . L(cm) is a geometric parameter character-

izing the spatial extent of the radiating plasma:

(i) Plane slab, thickness a: L = 2a(cm)

(ii) Circular cylinder, radius r: L = 2r(cm)

and

p, (w) = g(w) (1 - e-/T)

in terms of the absorptio, coefficient p(w) (cm "I ) for photons of eneraT w in

air at the temperature T, density P.

For a thick source, (pL'L >> 1 for most w) 7 = aT 4 , the .Kack body

result obtains. It is convenient to describe the energy iVed as a

fraction off the black body emission at the same temperature. We thus define

a dimensionless emissivity e(TpL) depending on temperature T, density P,

and geometric parameter L, according to

j(TP,Q) - c(TPL)(O ) 4 (3)

That is,

e(T,/PL) 4'w3 dw e 1/, (")L (
-,T T o-

If (g'L) << 1 for most w the Planck mean opacity is a convenient result,

T o

in terms of which

e(T,PL ) -p . (6)
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The physics problem is the determination of the basic absorption 4

coefficient g(w) and is described in Ref. 1 and in suosequent sections of

this report. The numerical problem of the evaluation of the integral (Eq. 4)

over the photon energy w is the topic of Appendix B.

III. The Absorption Line Profile

The results presented in Ref. 1 assumed the atomic lnes to be broadened

only due to the interactions of the radiating atoms with free electrons - Stark

broadening. At higher temperatures or lower densities the Doppler width my

dominate the Stark width, and at lower temperatures and high density the

resonance and Van ier Waals atom-atom interactions become impoitant. The

results presented here include both these effects, our treatment of which

is described in subsections A and B.

The Baranger-Griem classical path ivnact theory for line widths of

neutral radiators has been amply verified experimentally (Ref. 8). 0--

version of this theory is reported in Ref. 1. For ion lines, however, the

corresponding theory generally predicts widths too small by factors of two

or more. Some recent theoretical (Ref. 9) and experimental (Ref. 10) results

suggest the modifications described in subsection C, where we include for

comparison our estimates, alternative theoretical values, and experimental results.

At high temperatures or low densities the multitude of contributing

atomic ard ionic lines in most all spectral intervals tends to preclude emis-

sion dominance at any frequency from far wings of lines. At lower temperatures

and high densities the opposite may be true. Our previous results for normal



density air at kT = 1.0 eV provides sch an example (Fig. 1 - a more recent

version of Fig. 8 of Ref. 1). The continuum absorption coefficient for

photons of energyW= 5.0eVIs pc = 1.05 x 10- 2 cm l; the Lorentz wing of the

dominating NI line (2p3( S) -2p2 ( 3 P)3s(P)) at the same energy contributes

(line) =2.02 x 1.0- 2 cm , although the line center and width are 10.33 eV

and 3 x 10 - 3 eV, respectively. That is, assuming a pure Lorentz profile,

the continuum is dominated by a line located over 1000 half-widths away.

The inapplicability of the simple Baranger-Griem iq-act theory to

such circumstances is well known. The possible magnitude of the error

resulting from ignoring the appropriate validity criteria is a new result. In

subsection D we describe 'ome new line wing approximtiors we intend to

incorporate into our codes so as to predict the absorption coefficient in such

wings more reliably.

liA. Doppler Broadening and the Voig. Line Sha

Due to the-al motions of the radiating atoms an infinitely- sharp

spectral line at photon energy w0 takes on the Doppler shape (Ref. 11)
2

- - W 0

b-D(w) =exp. D0 (7)€ WD WD

where the Doppler width WD is given by

WD = (8)

M is the mass of the radiating species.
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For air atoms:

W o 1.2 x i°1J0T

Fcr air molecules: (diatomic)

Ww°  0.85 x 105 1 .

The collision width of Ref. 1 depends on the relative velocity of the

radiator and perturber. For electron perturbers the radiator thermal veloci-

ties are much smaller than electron velocities and the Lorentz and Doppler

broadening mechanisms may be independently treated. For &tomic perturbers,

however, tha comparability of thermal and collisional velocities should

couple the Lorentz and Doppler broadening (Ref. 3, 12). At the lower

temperatures when atom-atom perturbations are expected to be important,

resonance b.endening is velocity independent (see Section B below), but

Van der Waals broadening varies as ,V3)3 where v is the relative velocity,

so a coupled approach may be expected to modify the line shape somewhat.

The results reported here assume Lorentz and Doppler broadening

mechanisms are independent, the resulting line profile being the Voigt

profile (Ref. 13).

by(w) =- D .- +d ex [(

x ()) x 2

WC



and WC is the Lorentz collision width of Ref. 1. We approximate this

function as follows:

(i) (K < 0.2 or I xj > 5K): (Modified Lorentz limit, Ref.14)

:t.+ (x+ 1 (x-

(ii) (1 xl a nK d Yd 5')): (Modified Doppler limit)
. Wo 2

22
b(W) -E 2 (' 2 Ll+ 32+ 1 f4X-L )] (9b)

WD X

where f(y) is the slowly varying function
tabuleited in Table i.

(iii) ( x r, 5K and 0.2 i x ! 5.0) Tabuleted values from Ref.314

(reproduced in Ref. i Pg. B-14)

As discussed in Ref. 1 estimates of the emissivity contributions of

individual lines are useful for identifying critical transitions as well as

providing a monitolv to the more detailed (and presumably more accurate)

numerical integration. For a purely Lorentz lire shape, the Ladenburg-

Reiche approximation applies (Ref. 1, Eq. 39). For the Voigt profile

no such simple approximation obtains. Recevt-3]v, extenrAve numerical

tabulations of "equivalent widths" for Voigt profiles have been published

(Ref. 16) which should be useful for detailed work. For our purpose a

simpler approxin.tion is sufficient. We employ the Curtis approximation -

quoted in Ref. 17 (p. 72) - according to which the emissivity of an isolated
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spectral line with Voigt shape may be approximated

¢LRD gD l += cLR( l -) +  D(lO)

V LRpt" L (7 pL

eLR is the Ladenburg-Reiche result and eD is the isolated line emissivity

for a pure Doppler profile,

°, (.%)n [Y1(xD < 26)
n.o A.T (n +). e

where 2--- ( xD > 26) (11)

in terms of the absorption coefficient at line center, PL(wC), assuming purely

Lorentz collision broadening.

Our computer program employs the Curtis approximation (Eq. 10) with

the Doppler approximations (Eq. i). Comparison with our detailed line

integration results, in cases where one expects an isolated line approximation

to be valid, indicates these approximations are generally valid to better than

ten per cent accuracy.

IIIB. Resonance and Van der Waals Broadening

At high density and low temperatures the number density of free electrons

becomes sufficiently smalI that atom-atom broadening becomes important. The

theory of such broadening has been worked out by Griem (Ref. 3) in a perturb-

ation theory approach with a "strong colision" cutoff chosen to satisfy

unitarity (analogous to the Stark broadening treatment of Ref. 1). Here we

merely reproduce his results in the form employed in our calculations.
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The line absorption coefficient for ground state atoms is broadened

by the resonance exchange collisions of the excited (final state) atom with

other ground state atoms. If 11 is the number density of the ground state
g

atoms, fR and w the absorption oscillator strength and energy, respectively,

of the resonance line under consideration, the line width is

(12)

l2rT - (ALA) fR(Ngao (Rd.)

(gl and g2 are statistical weights of the lower and upper states, respectively.)

Except for resonance exchange collisions atom-atom perturbations are

dominated by Van der Waals interactions. If Nn is the total number density

of neutral perturbers, Griem (Ref. 3) estimates the broadening as due to

strong collisions alone,

2

where the polarizability entering 'Min is estimated by a closure approximation

similar to Ref. 1.

i** /5
P uin =  ( " 2)1/

16m3vE P

1/5gly2 -/5
-- v a rNA- ] &0

P
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Here r is the mean squared atomic radius of the upper state in atomic units

(Ref. 1, Eq. 22) and Ep is a representative excitation energy - taken to be

the energy of the strongest resonance line. For neutral oxygen and nitrogen

Ep = 10 eV = 0.7% Ryd agrees within 20% with the experimental values, which

is likely within the validity limits of the closure approximation itself.

With these approximations we obtain

.22 rT/O (eV)

.=8Ox -2 5  3 3/10 2/5 (3
•--8.0 x 1o-0 ,n(c -3)(,eV) 1O ()1 (eV) (3

for air. Observing that 7 , 5v4/2 in terms of the "effective quantum

number" v of the upper state (Ref. 1) and writing Nn = 5.37 x !O19(p/po),

Van der Waals: wv 4 6.4 x 1o' 5 (p/po) T3/10 V8/5 (eV) (14a)-eV

For comparison, we list the correspondi±ng expressions for

Doppler: D 1. 5 x eV r (eV) (14b)
W~ WeV

Reso"ance: We . 0 lO 'gPpo)/ (fR/WR(eV)) (PV) (14c)

Adiabatic Stark: I s  1.0 x 1o(F ip/po)T v81 (eV) (14d)

where the approximations of eq. lita have been applied to eq. 21 of Ref. 1.

F is the fraction of the atoms in the ground state, and Vi is the fracbional

ionization of the plasma (assuming singly-charged ions only). (All the

numerical v.Jues above are for air atoms only.)



The ras,,lts presented in this report assume the collision widll ', WC ,

to be given b,

ws+Wv(+WR

where WS is from Ref. 1, WV (Eq. 13, above), and WR, where applicable, from

Eq. 12 (above). The resulting Wc is combined with the Doppler width as

described in Section A above.

IIIC, Electron Impact Broadening of Ion Lines

Numerous attempts have been made to explain the discrepancy between

classical path impact theory and experiment for ion line widths (see, for

example, Ref. 18-20). Although the resulting discrepancies were sometimes

decreased, they were sometimes increased. Overall differences as much as

factors of two generally remained.

In view of these uncertainties in theoretical prediction we chose to

follow the semi-empirical approach familiar in astrophysical applications

(Ref. 1 and Ref. 21, for example), an approach independently suggested by

Griem (Ref. 22). The line width is written

wi " < v aj (v) >A (15)

as a thermal average over the ne electrons (cm"3) of the total inelastic

scattering cross section, which we write

a j(v) = C aJ.k(v)
k

2 2 (16)
z 2(2rr 2fd) j g(w, e)ao 2

k -11

[ _- _-



e is the energy of the incident electron, wjk and f Jk the energy difference and

f-number, respectively, between states j and k, and the "effective Gaunt factor"

g(wJ, e ) is chosen to reproduce collisional excitation experiments. (Note: if

Wjk > 0, fjk is the absorption f-number; if < jk 0 0, it is the emission f-nber.)

Performing tl'e thermal average indicated in Eq. 15, we obtain

wj(eV) = 5.22 x lO 2 1  e G(w, T) (17)
./TCev) 1,-jkW-" Jk

in terms of the thermal-averaged Gaunt factor

G (w,T) = J e'Ydy g(wyT)

0

Our previous results followed van Regemorter (Ref. 23), whose Gaunt factor we

approximated (Ref. 24, Eq. 4-142)

g3 w(,) 0 0.20 (e < 2)

0.052 in x (g > , 0 < in x < 1.45) (16a)

-1 a 0.30 (In x - 1.2) 1 Interpolated for (1.45 <
In x <6)gc(i'f) J in x > 6

where

(k+k k ,2 = . - 2  (k) ,2 = (")a 2

I k-k'l) 0 (t')

g0(jijf) is the Coulomb Gaunt factor (Ref. 25)

We interpolate linearly %In in x) between g1 and gC for (1.45 < In

x <6).

Recently, Bely and Grie-m (Ref. 9) employed t-matrices for Mg+ evaluated by
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close-coupling calculations to evaluate the line width of the resonance trans-

ition. They express their results in terms of an "effective Gaunt factor"

(through Eq, 15, 16 above) and find results comparable to those of van Regemorter

near threshold and approximately a factor of two greater than his at higher

energies. We fit their results as follows:

gBG(w, e) = 0.160 + 16-C W

nx (0.41 -o) (o < in x < 1. 6 5) (.8b), 5 z g - -

= g1 0.13 + 0.17 in x (1.65 < in x < 3.0)

g0 = gB(w,w) 0.160 + I

For w << e general ccnsiderations lead one to expect g(w, e) tg(he, f),

Coulomb Gaunt factor. Thus a sWitable extrapolation procedure between %G and

g is necessary. For our calculations, we choose

g (W,¢) = P g(w,¢, (in x < 1.65)

0i. 5 g i,,f) (1.65 < in x < 3) (18c)

SgC(Ii,-) (in Y > 3)

In Figure 2 are the thermal-averaged Gaunt factors obtained from these alternative

approximations, for temperabue kT = 2.0 eV. Using these Gaunt factors we have

evaluated the line widths of some recently measured NII lines (Ref. 10). The

results are in Table II, including our previous results and some earlier theor-

etical values as well as the observed experimental values. Comparing the



Bely-Griem (Eq. 18b) and Bely-Griem-Coulomb (18c) Gaunt factors of Figure 2, it

is evident that good agreement depends as much on a suitably chosen interpol-

ation to the coulomb limit as on threshold details.

The Gaunt factor of Eq. 18c has been include4 in our present code.

Figure 3 presents the associated thermal averaged Gaunt factor at several

temperatures.

IIID. Line Wing Absorption

As described in the introduction to this chapter, photon absorption in

the far wings of strong, isolated lines my contribute substantia'iy to the

valleys in the total absorption coefficient, especially at the lower tempera-

tures and higher densities. Baranger and Stewart (Ref. 27) early considered

the absorption in 'windows between spectralliies of ions and introduced the

"one-electron" approximation. Griem (Ref. 28-30) has extensively studied the

line wings of hydrogen in the one-electron approximation. When the atom-perturber

interactions - as measured by the impact theory widths - are of the order of the

splitting of the atomic levels with the same principal quantum number Griem' s

hydrogen results should apply. We are principally concerned here, therefore,

with isolated lines.

Near the line center the impact approximation is generally valid for

electrons, and the line profile obtains from averaging over the large number

of contributing weak interactions. Assumptions regarding lack of corelation

among the perturbers during the perturbation "time," or equivalently, non-

overlapping (in time) of the atom-single perturber interactions, allows the

average over the product of the perturber interactions to be expressed as



the product of the averages and the usual Lorentz profile obtains.

If Au is the displacement of the photon energy of interest, w, from

the energy of the unperturbed line, wi,

=w - i -ej) , (19)

and w is the impact theory line width, the Lorentz wing profile is

b ' -4 1 (20)

where the collislon part of the width is given by (Ref. i, Eq. 18)

~n d f (v)h1vI4n 2 ERk W. A * (21
0 k PMin

f(v) is the Mamrell velocity distribution of the ne(cm,3) pexturbers of mass
='~ t <1 2 , averaged and sumed over ngnetic substates,

and A(Z) is expressed in terms of Bessel functions of imaginary argument

A(Z) = z2 (Ko2(l z )+ K,(z) . (2a)

Cc~mpring with Eq. 16, noting Rik 3(1)?: , we see the function
jk

a(Z) = A(z, (22)
Z Z

plays the role of an "effective Gaunt factor" for electron-atom collisions.

This classical path impact thetry is valid if pMin >>  if kT >> wJk contri-

buting importantly to Eq. 21, and A w << p = (h x Plasmi frequency).

Far from the 7 . center, the perturbation "time" T = h/L w will --'come

short enough that perturber motion may be neglected. Then the quasi-static
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approximation is valid. The line profile my then be described in terms of

the static field distribution func~ion W(F). For isolated states non-

degenerate in orbital angular momentum, the quadratic Stark shift applies,

according to which energy levels, e1(F), in a field F aire shifted from

their unperturbed values 6 by

e i (F) +C

where

C 2a 3 E 2f (23)
0 k W j jk

The line profile is then given by
CO

bi (w) =j dFW(F) 6(Aw + CJF2 ) (24)

0

1

if only the upper state is significantly perturbed. (Inclusion of the lower

state replaces C by (C3 - Ci).) For the simple Holtsumrk distribution (Ref. 26)

F 3/2

and 3/4(ol w) , 3--- (- ) (25 )
bij 4A w A

where
2 3"4/3 C

A = (13. 6)(Na ) ) (Ryd)
a0

for N quasi-static perturbers (cm " 3 ) of mean charge 7. The quasi-static

-16-



distribution is expected to apply for frequencies (Ref. 29, Eq. 8)

A w> kT(26)

22In the intermediate region) wj << A W < kT the one-electron

approximation is valid if the impact approximation is valid at the line

center. As discussed by Baranger (Ref. i), the one-electron theory treats

the photon absorption as a three-body collision,

e + hv . (Atom) e' + (Atom)*

where the spectator electron provides overall energy conservation. Thus, in

the red wing, A w < 0, the electron must provide energy A w, while it absorbs

A w in the blue wing. This results in a line asymetry as A w - kT due to

the population depletion of electrons with energy e > A w, hence a suppression

of the red wing.

Clearly such an energy-conserving picture requires that the interaction

be completed in the time T h/A w,. In terms of classical path impact pars-

meters, only electrons with velocities v and impact parameters p satisfying

P < (-) mey contribute, the so-called Lewis cutoff (Ref. 31). Our intention

in this section is to provide a formulation of the line wing absorption profile

which varies continuously from the impact to quasi-static limits, delineates

the appropriate limiting conditions, and incorporates the above-mentioned

line asymmetry due to electron population depletion.

From standard time-dependent perturbation theory one easily obtains the

line profile gunction (see, for example, Ref. 3, Eq. 4-21, or Ref. 11, Eq. 9-23).

-17-



Trw =- ~r P,a I d, > <' I a > rise $U(SO I w > )A

where we have made the usual classical path approximation and have assumeo. only

the upper state to be significantly perturbed. P a is the density matrix - ash.'vmed

diagoral - for (unperturbed) lower atomic state a, d is the electron dipole moment

operator, U(sO) is the interaction representation time-evolution operator of

the atomic states 6 - due solely to perturber interactions - and the average

Av. is taken over all perturber classical paths. Expressing the time-

evolution operator in terms of the time-dependent potential due to the classical

perturber trajectories, and retaining only the second-order (lowest non-trivial)

term, one obtains (after interchanging orders of integration)

02 0 0

dt 2 e~ aB )t 2 X < P V(tl+t2 ) P2 > < 02 v(t 2) IOf > )A,
C

In the one-electron approxi .ation the average is to be taken over al1 classical

paths of a single .erturber. Assuming the statistical distribution of perturbers

is stationary

£ f(t + ) f(t) )Av £ f(T) f(o) ]Av

we obtain (Ref. 29, Eq. 12)

<OC4d I > <OfId Ia'> 4,2tL(w) Re a E dt 1

S<PI V(tfl 2 > <0 2 V(O) 1' >Av

and W, o r w[ -183



Substituting the classical potentials

2 3 r T (t)
<ev(t) > >=e F,- <PIRVIO' >

V=_- i ;YV i

rt) = 'P+ 'Vt-t , p.v=O

and performing the one-electron average

CdOA PMax
ne fdv f(v) f -,- f 2,TPdp vt (...)
0 (4r) Pin

one easily obtains

n e4  Pmax

< iv(t) I 2 > < A iv(o)1,, > )AV e ff(v)dvf2n: fvdto

20 PMin w

Cp2 v(t 1 -t o  t

vt
Then, with substitutions l= , X2  V .P P

Z2 = ~(U -w), the time-integrations result in

'~ vg ~a a (ww e(-

L.(w) li _. : 1) F. 0R s ><ffN O

CO P~max 2f f(v)vdv f2.pdp (= ) C (- ) I- w)-
0 PMin P 7 f

where C(X) = A(X) + iB(X) is defird in Ref, 1. (Note, i.(X) is even in X.)
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In the line wings, we approximate 6' = 0 and extract the line shape

function
PMax

P 4TT2 A(27)
b(w) -- dv f(" v R Pme( w)2 de fv h k RJk (w 02

PMin

which compares exactly with Eq. 20, 21 in terms of the same A-function (Eq. 22a)

but evaluated with a frequency-dependent argument,

Wik = Wjik = AWWj1 .

Equation (27) is our basic result; it remains to evaluate the p-limits.

The completed collision criteria requires that

hP Min Iv hv hv (28)
PMaxM= ilW p Y -2

The unitary condition requires

P2 2 E IA PMin PMin
'Min , 3 RJt 1 k-~ (A-wk) 77 ik =( - (A~jk)

From the definition of 'Max, the largest value

-n www) = 1, and from tabulated values,

IA(x) + i B(x)j , 1 for 0 < x< 1, so we take

2 2 n 22 (j (29)P~in- ~ 3 kJ) 3Z

This choice of pMin evidently satisfies the validity condition for the classical

path approximation.

Near the line center, A w - 0, P2  and the impact theory approximtion

obtains. Thus the validity conditions for impact theory must include A w << w k,

where k is the state lying nearest in energy to the state j and connected with

it by a dipole-allowed transition. Collecting these results, our frequency-

dependent "line width" becomes
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m 0 k p1

7a (neao3) PO W (Ryd) (30)

where Z2  1

W(Hyd) E Rjk y e '  z - A(Z )
k 71 y

IA- W -m /jk Zl- r2 Ib- )

Perturbers of energy e < YM kT have been removed from the one-electron theory. Ac-

cordingto F4. 26, they should be added to.the quasi static profile.

Generalizing the effective theral Gaunt fa-:tor (Ref. 1, Eq. 21 and

Fig. 1)

a (X, Y) d J dtet a(X/t) -e_ a (A) (31)
Y

yX

we write

W(Pd) E RJk , __------ (32)
j3k

The function c(X, y) is presented in Fig.5 for 0 < y < 1.8. Near the

line center, A w - 0 and a(XO) reproduces C((X) of Ref. 1. Far into the line

wings, Y - 1.

To incorporate the red wing electron depletion effect into our profile,

the classical path theory is no longer adequate, as it ignores the change in
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perturber energy during the interaction. It is well known from coulob excit-

ation theory (Hef. 32) that a classical couilomb Gaunt factor with symmetrized

energy argumetnt e = (e + ef) frequently provides an adequate representation

of the quantum mechanical result. We similarly symmetrize our Gaunt factor,

obtaining

W(Ryk) e~a &~Za A ~Ww

1ea A " (33)

The strong colisior impact theory term must be similarly treated. We find

3, i IiT i 2/3 -yM 2/)3 5

and the total one-electron width is the sum of Eq. 34 and 30, with W from Eq. 33.

Finally, the number density, N, in the quasi static term (Eq. 25) must be in-

creased by the number of electrons removed from the one-electron term

N- N + nej' 2 y/2 e-y (35)

0

With these expressions we have obtained a computationally feasible formul-

ation of the absorption line profile varying continuously from the impact theory

line center to the quasi-static far line wing. These equatious have not yet

been incorporated into our radiative mean computer programs, but will be

shortly.
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IV. The Molecular Absortion Coefficient and Emissivity

For temperatures below kW = 1.0 eV, absorption by molecular species

becomes of primary importance. Avilova et al. (Ref. 4) recently summarized

molecular contributions to the air Obzorption coefficient. Comparison with

earlier vork (Ref. 51 and 53) indicated some large differences, toward the

resolution of which most of the work here described has been directed. In

wap. t all cases our results will be found to oe in general agreement with

Avilova fRef. 4).

Ir subsection A, below, we define our notation and write down our

representation of the absorption coefficient of a single molecular line. We

have employed both the "smeared band" model of Avilova (Ref. 4) and a more

detailed three-branch "PQR-model," as described in subsection B. The molecular

bands we have studied and the associated data constitute subsection C, and in

subsection D we describe some emission band models we have studied. Finalv,

in subsection E, we briefly describe our molecular absorption coefficient

computer program ABSMOL.

Our notation closely follows Herzberg (Ref. 38) and Nicholls (Ref. 52),

and we shall frequently follow the convention of choosing wave number K as our

energy variable, noting that a wave number 104cm "1 corresponds to an energy 1.240 eV.

IVA. The Absorption Coefficient of a Molecular Line

Molecular states are labeled according to their electronic state e, the

component of electronic angular momentum along the internuclear axis A, and the

rotation and vibration quantum nuabers J and v, respectively. Upper states

v're singly primed (') and lower states are dloubly primed (').
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We consider a transition from a lower -tate i !E (v"t,Ji,e",A"), otte

of d states of energy ea' to an upper state j =- (.v,J',e',A') of energy

e and degeneracy d . The f-number for such a transition is (Ref. 38, 52)n n

1 , mn,'^ R e (rv ''

m-n = ARe"A " d (36)
m

in terms of which we may express the absorption coefficient as

( = -ro fKnb( ) (0m ) • (37)

(r o  e 2/mc 2 = 2.818 x 10-13 cm)

Nm(cm"l Xs the number density of molecules in the (lower) state m, and b (n) (cm)
mn

is a line shape factor, normalized according to

S@ db (K) --31.
0

In eq. 36, Stn = (en " em) is the transition photon energy, qvv" the Franck-

JA' 2Condon factor, SJ,,,, the Htnl-London factor, and Re (rv,v,,) the electronic

transition moment in atomic units. In writing down eq. 36 we have assumed

the validity of the Born-Oppenheimer approximation, and we shall further

assume Re2 to be a smoothly varying function of its argument rvtv,,, the

r-centroid (Ref. 52)

ro relate Nm to the species number density N, we introduce the

partition function Q and decompose the state energy
into electronic, vibrational, and rotational parts,

em = ce" + e + 4. g

or, in wave number units,

ic m = Te Gv" + Fv , (cm"I )

Te, , is the electronic energy of the state (measured to the minimum of the
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potential curve) and we approximate (Ref. 38)
S- G(o) Glv) =G(o) + wov - WoXv + wyv ...

V 0

F = BVJ(J + 1)

~BV=B -Ole(v +)

Then
d -C /kT

NM = N(IA~ e

-- (2J" + ) dt, d e (2S" + 1)(2 - ^.,o )

and the usual approximations - assuming kT >> hcBv - result in

Q -e-(o)/e(I - 'e)

. -- O/BV ,

where 0 = kT/hc is the temperature In cm"I . Gilmore (Ref. 40) tabulntes

d ell -C e,,/kT

fe,(T) - Q-e

for most molecules of interest to us. Writing Nel, fe,,(T)N, we finally

obtain
.tBM,, . "/6 -[Go(v") + FT,,]/O

Nm = Nell --;)(.1-e ) (2J" + 1) e . (38)

Ccmbining the above expressions our final form of the absorption

coefficient is

Tr0  B,, -g/8 -[G0(v") + Fj,,]/e

2-

J3'NeA1' e(r Vl)

X ( K mn jA, (R 2 -.25.." (m)(39



[Note: Many authors (ex. Ref. 4)include the electronic statistical factor

de, , in their definition of the electronic transition moment, so

care should be taken when comparing numerical values.]

We write the transition energy m variously as
mn

xmn =(Te' - T,+( ,-v,) + (F ,

+ [%G(v') - Go(v")] + (F Fll)

vs 11v +  "F l Fill)

where K is the energy of the transition e',v' = oJ' = oA']

lef [e"v" = o,J = oA"], the so-called "o-c" transition.

IVB. Molecular Band Models

In applications we are generally interested in an averaged molecular

absorption coefficient - averaged over an energy interval A x much greater

than a molecular line width W and generally large enough to contain many

individual lines. That is, for a particular pair of electronic states (e' ,e")

we define

I~et~i(~ 1 +Ax :g~KY

V'J' (4.0)

= E .

v"J" mn
v'J'

sxmcd over all values of v",J",v',J' for which K is in the interval

AK about x. To this end the (JI - J") selection rules must be considered.
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In general, = J"X J" + lleading to the three branches (Ref. 38, Eq. IV,

32-34):

"Q-branch" (i' = Q= X + (BVt ') j"(j"+l)

"R-branch" (' = i" + 1) K = + 2Bv , (J",i) (41)

"P-branch" (j' -J" - 1) = '- 2B ( )Km Ki -2v, (J"+i

For electronic angular momentum A j 0, details of the A - J coupling

may lead to further splitting of these branches. For simplicity we have ignored
I'

such coupling; our Honl-London factors are those of a rotating top and are tabul-

ated by Herzberg (Ref. 38, p. 208). Care should be taken with Herzberg's formulae,

as, for A A / 0, they must be multiplied by a factor of two in order to satisfy

the sum rule (Ref. 52)

i' A"
s (2V + 1) .142)
"J' A' =(J

Explicitly writing the rotational sum terms of Eqs. 39 and 40:

K mnnJ'A I-B Vill (Jt"+l) /0
A,,K,, r,-J"A" eAe (43a)

The maximum value of J" we choose to be the smallerL of the following:

V1/'1 [ D"e - G"(O) - wellV + w O tjv2 ]}1/

(and the same with (') replacing ("))

j2= 5.o fe7N
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J refers to the Morse-Potent2al dissociation limit, and J is effectively an

occupation number cutoff.

Equations (39-43) explicitly define our "PQR-Branch" model. All the

molecular absorption coefficients presented in this report were generated by

this model.

At higher temperatures, e - ( lo3 cm 1 ) becomes much greater than

B cm-1), and we clearly wish to replace the- sums over J' and J" in
Eq. 43 by integrals. Since J- v . 102 for T = 1.0 eV, we are inter-

It

ested primarily in Hcnl-London factors for J >> 1 and J >> A (Ref. 38, p.208).

R-branch C-branch P-branch

A 0: S J S -- 0 Sj

J/2, j/2
= -J /2 ,js,

These approxinmations exhibit the familiar effect (Ref. 38, Pg. 207)

that the Q-brtunch intensity is approximately twice the R- or P-branch

intensity (for AA / 0). Further, the P- and R-branch energies differ

from the Q-branch er_!rgy only b.,, a teozi of order E,,/J~tB, where

AB = (y, - By,). For the principal air bands this iFctor is less than

1O/j", resulting in an energy displacement of order ten percent for J" .

For these reasons, plus computational convenience, high temperature models

usually assume '4-branch enerar dependence only (Ref. 4).

Assumi:ig a Q-branch energy dependence defines our " Smeared Band" Model.

= + ABJ" (J"4l)

^n- 0



Usig q. 42 £ J'A' =(2"l
Using Eq. 42 E. 8J"A" and expressing the sun

in Eq. 113a as an integrel, we obtain

KK"'VV K Y -B' ' for (K*- v~v,,) B 0 (Zi3b)

0 otherwise.

Our final expression for the Smeared Band averaged absorption coef-

ficient then becomes W 1/ By,, Re2 /0v~l
2 c~ 0  e 0

--- a e2Ne,,(l, e I (cm'i (44)
3= -I ev(-4v"del-l~ v''

4, 2 .]8 2
( aa 2.68 x 10io i

which agrees with the result of Ref. 4.

We note that the sum rule guarantees the total oscillator strength

conservation; our Q-branch model errs only in an energy redistribution of

oscillator strength, an effect of less importance at higher temperatures and

larger averaging interval A K.

All the band systems we have treated have been evwluated in both the

"PQR-Branch" and "Smeared Band" Models. For detailed compirison with experiments

of high energy resolution only the PQJ-Branch model is suitable. Furthermore,

for the purpose of developing energy-dependent distribution functions of the

line strength - for our band-emissivity and opacity studies - the more detailed

line-by-line treatment is necessary. For evaluation of the mean absorption

coefficient, however, averaged over an interval 6K > 0.1 eV, the results of

the two models are essentially in agreement for temperatures T > 6000K.

IVC. Mo.lecalar Band Sstems Contributing to Air Radiation

The molecular species we have examined are Np_, 02; N2+ and NO. In

Table II we list each molecular band we have studied, its spectroscopic
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designation and name, and the energy interval in which the band radiates. This

table also includes our chosen values of the electronic transition moment R 2
e

(Eq. 36), and the source of our Frank-Condon factors and r-centroids. The

oscillator strength is listed for the Rydberg states of NO and finally the

energy averaging interval n (Eq. 40), determining the spectral details of

our average absorption coefficient. The maximum value of A x used in our

calculations was 0.10 eV, chosen large enough to resolve the vibrational

structure, generally of the order 0.124 - 0.248 eV.

The spectroscopic constants Te, We IeXe ) e, Be, ae, r e depend only

on the electronic state e and the values we used are listed in Table IV, with

the source for these constants.

In Table V we list the Line Planek-Mean per molecule for N2 , 02, NO and

N2 +(in units of 10 "18 CM2)for the temperatures 4000, 6000, 8000, 10000, 12000,

18000, 2400o (°K).

1. 1,Mtm

For the N2 systems we include the bands:

Transition Spectral Inverval (eV)

a) A 4E " B3n (First Positive) 0.4 2.7

b) B 3Tr 9- C 3 rrU (Second Positive) 2.2 - 41.8

c)- b, E+ (Birge-Hopfield 1) 5.0 - 13.3
d)+- b 1W (Birge-Hopfield 2) 5.9 - 13.]

(a) N (First Positive)

For this band system we used the Frank-Condon factors of Ref. 37, v'
2

0-17, Ve 0-13. The values of R were calculated frou
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R 2 0.500 -. 95X -8.73 X2  (3.16 A < r < 1.61 A)e

where X = Iv", re") in terms of the r-centroid r (Ref. 52) and re,

the equilibrium internuclear distance of the lower state. The coefficients

of the Re2 fit were obtained from Ref. 47 and the r-centroid data from Ref. 36.

The resultant cross sections agree well with the results of Avilove

(Ref. 4). (The values given earlier (Ref. 53) are erroneouely higher.)

(b) (Second Positive)

We used the Frank-Condon factors of Ref. 37, V = 0-4, v" = 0-12. The

2values of R were calculated frome
Re2 -40. -41i.0X2 + llx 4 ,

where X = ( v " re,,).

2

The coefficients in Re were obtained from Ref. 49, and the r-centroids from

Ref. 35.

(c) 4 (Bfr&g-Eopield 1)

The Frank-Condon factors are from Ref. 37, v' = 0-6, v" = 0-28. The

value of Re2 were obtained from Ref. 4.

(d) No eBrgofil 2

We used the Frank-Condon factors of Ref. 37 v' = 0-7., v" = 0-28. The
2

value of Re came from Ref. 4.
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2. 0, System

In the figures presented here (Fig.l1-17) we have Sncluded only line

transitions

Spectral Interval (eV)
x _ . B t (Schumnn-uge) 7.0

The Frank-Condon factors were obtained from Nicholls (Ref. 33) for

= 0-21 and V' = 1-21 and for V = 0-21, v" = 0 we used the values of Jarmain

(Ref. 34). The r-centroids and coefficients used in calculating Re 2 were obtained

from Ref. 45.

Re 3.X625 -5.25 X + 2.25 X 2

where X = rv1 - e "

For the energy interval > 7.0 eV we used the Schumann-Runge continuum

results of Avilova (Ref. 4) in our emissivity calculations. Our results for the

Schumnn-Runge band agree quite well with those of Avilova et aI. (Ref. 4), but

differ from those of Churchill (Ref. 51) whose data on Frank-Condon factorb was

incomplete.

3. N + Systems

In this system we included

Transition Spectral Interval (eV)

a) X '_- B 2+ (First Negative) 1.5 - 4.9g u

b) X 2 +-A 2 Tru (Meinel) 0.5 - 4.7

(a) N, (First Negative,

The Frank-Condon factore came from Ref. 37, V1 = 0-20, v" = 0-20. The value

of R 2 was obtained from
e
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R 2  o.9 + 22.14 X2 +136.16X'e

where X = (r,,, - re). The coefficients of Re2 were obtained from Ref. 49

and the r-centroids from Ref. 36.

(b) N,+ (Meinel)

We used the Frank-Condon factors of Ref. 37, v' = 0-20, v" = 0-20.
2

The value of Re was obtained from Ref. 44.

4. NO stems

This system was divided into two separate groups

GROUP A

Transition Spectral Interval (eV)

a) X 2 - B 2Tr () 1.0 - 7.8
b) X 2 T A 21+ (_Y) 3.P - 7.9

c) x 2 T C 2 IT (6) 4.0 - 7.8

d) x 2 -. D 2 , (+ ) 4.0 - 8.5

GROUP B

This system consists of the Rydberg series and the Ogawa 2 band system.

GROUP B

Transition Spectral Interval (eV)

a) K 2 T DT , 0.920 - 1.370
b) H, 2 7 .C 2(Y) 1.24 - 1.445

c) H 2-. C 2 Tr(B) I (Feast-Heath-Lagerquist) 1.22 - 1.445

d) F 2,& C 2, 00 0.920 - 1.220

e) H' 2 - D 2r,+ (Ry) (Feast-Heath) 1.120 - 1.345
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GROUP B (Cont'd)

Transition Spectral Interval (eV)

f) H , - D 2E+ (Ry) (Feast-Heath) 1.070 - 1.295

g) D E+- A ?T+ (Ry) (Feast i) 1.020 - 1.245

h) E 2E+- C 2 (Ry) 0.920 - 1.295

) C TT - A E+ (By) (Heath) 0.920 - 1.070

J) a4 - b 4Z (Ogawa 2) 0.470 - 1.970

(a) NO (P)

The Frank-Condon factors were obtained from Ref. 37, v' = 0-19, V" =

0-23. We calculated R e from

R2 =0.03844 + o.124 X + 0.1 X2
e

where X =(v"" r"
2

The coefficients for R were obtained from Ref. 49 and the r-centroidsC

from Ref. 36.

(b) No (Y)

For this band system we used the Fank-Gondon factors of Ref. 37 for

V' = 0-5), V" = 0-23. For v' = 6-23, V" = 0-23 we used our calculated values

(subsection E below). We fit the data of Callear et al. (Ref. 60):

Re 0.350 (3< 1o AO) -2 0
= -19.90 + 39.0 r - 18.75 r (1.0 < < 1.04 A)

-20= -334.267 + 924.768 F - 850.2 r + 260.0 r3 (1.04 < r < 1.14 A)
0

= 0.250 (7 > 1.14 A)

The resulting f-numbers agree with recent experiments (Ref. 48 (1967)) to within

ten percent.
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()NO (6)

For this band system we used the Franck-Condon factors of Ref. 37, v' = 0-4,

= 0-23. The value of R e2 came from Avilova (Ref. 4).

(d) NO (e)

The Franck-Condon factors were obtained- from Ref. 37, v' = 0-7, v" = 0-23.

The value of Re2 was obtained from Avilova (Ref. 4), and the resulting f-numbers

agree within ten percent with experiment (Ref. 59).

Group B

(a) - (J) NO-Rydberg Series

For the NO (Rydberg) series the Franck-Condon factors are from Ref. 37 arid

our calculations. We use Wray's experimentally fit oscillator strengths (Table 4

of Ref. 42).

Our calculated values of the radiation intensity per particle as a function

of wave length for the Rydberg series agrteas well with the values presented by

Wray (Figures 9-14 of Ref. 42).

(J) NO (Owa 2)

For this band system we used the Frank-Condon factor v, = 0-22, v" = 0-23

of Nicholls (43) extended by our calculations. The value of R 2 was obtained from
e

Avilova (Ref. 4).

IVD. Molecular Emissivity

The averaged absorption coefficient of Eq. 40 above is fed into the atomic

radiation code RATRAC (Ref. 1) as an additional contribution to the continuum
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absorption coefficient. In this approximation we neglect the increased self-

absorption of the individual molecular lines in the line centers where the

absorption coefficient is much greater than . To attempt to correct for this

omission we exploit the high density of the molecular lines and the approximately

constant width (Ref. 54); we treat the band emissivity statistically (Ref. 55, 56).

In our band models rotational lines originatig from a given band (t ,v")

are distributed with a prescribed spacing and a strength exponentially decreasing

from the band head. When ;(x) is large and A x not too small several bands

generally contribute in any interval A x. In most of our numerical applications

A K = 807 cm" I (0.1 eV) and we typically find 500-4000 lines contributing in an

interval, ' ..e large number generally applying to intervals where is large and

self-absorption more important.

Considering the extensive variation of the Franck-Condon factors with

(v' ,v") and the large numbers of (v' ,v") contributing to a given A x, we assume

the nK individual lines in A x may be treated as if uniformly distributed in

energy and continuously distributed in strength, with the probability of a

strength S in aS being Px(S). Our molecular absorption coefficient computer

program ABSMOL (subsection E. below) evaluates a histogram of the line

strength distribution about the mean line strength in every

energy interval A x. From suah a detailed energy-dependent

line strength distribution function we expect to be able to obtain more re-

liable ebtimates of band emissivities and opacities. This work is still in

progress.

For the short path lengths and lower densities of interest here, however,

the molecular line self-absorption is not a large effect, and we have approxi-

mated the line strengths as being exponentially distributed. That is,
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P(S)= SO exp(-S/8o) in terms of a mean line strength SO(),

s o (K) k ( ) d ;(x)n K(45)
K

d is the mean line spacing. Comparison with our detailed histograms indicates

this approximation to be generally satisfactory for the majority of the ines,

but a small number of linee - of order 10 - 20% of the total - appear to lie in

a distribution roughly symetric about a strength a few times the mean s o . As

these lines are most strongly self-absorbed the exponential distribution can

only r .,vide a rough indication of the true self-absorption corrections.

For a known line strength distribution, P(S) and a uniform distribution

in energy, a simple approximation for the emissivity obtains (Ref. 56).

he W (-) )'B( ,)[- e'P '

(IT) -w(L) /d
B )Mle ~ )(46)

where W(L) is the average equivalent width of a single line in A,
K

(L) &9 P(S) c. [1- e
0 0

For a Lorentz profile of width W (Ref. 1, eq. 11) and an exponential

strength distribution, the result is easily obtained,

0 dK'X. 0 5sob(K')L
so (K
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The molecular emissivity in the band Ax is then approximately

AS 1B(Y) A xp[- - _)L 
(47)

Treating the molecular emission as an additioLl contribution (x) to the

RATRAC continuum (Ref. I) results in an emi~sivity

AC()= TI B(K) Ay (1 - exp[- (x)L) (48)

It is interesting to consider Eq. 47 in the limit i(x)L << 1, for which

This agrees with (48) only if W > d - the line width is greater than the spacing -

or [7(x)L/ij << 1 - the peak of the absorption coefficient at the line center is

small compared to L-1. If, on the other hand, W << d), we obtain

corresponding to the isolated line Ladenburg - Reiche approximation (Ref. 1, Eq. 39).

For the 02 Schumann-Runge system at normal density and temperatures 6000-

I0,O00°K we have computed the self-absorption corrections (A e(x)/A cc(x)) of

Eq. 47 and 48 above. Purely Lorentz broi.ening was assumed, and we have used

the line widths of Breene (Ref. 54, 1968, Vol. ii). For path lengths L = 1.0 am,

the mximum reduction in the band emissivity is found to be ten percent at 60000 K
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and less than one percent at 80000K. The results presented here ignore self-

absorption effects in the molecular bands.

MVE. Molecular Absorption Computer Programs

For the purpose of generating and analyzing the molecular absorption

coefficients presented her.xdn, three separate computer programs have been

developed.

1. The computer program MORSE evaluates Franck-Condon faectors qvv", and"r-

centroids" tt (Eq. 36), assuming MORSE potentials. Thcce results have been

used to extend existing tabulations and the extensive tables of RIR-values kindly

provided us by Capt. John Generosa of the Air Force leapons Laboratory (Ref. 37).

The formulation of Nicholla is closely followd (Ref. 43). For large

values of the vibrational quantum number, however, increased numerical accuracy

is achieved by replacing his recursion relation for Laguerre polynomials (Ref. 37,

Eq. U) by a relation we derived for the ratio ef polynomials of successive order.K-2v-i

With Lv(Z) -Lv 1 (Z), the associated Laguerre polynomials, we obtain

I£ v-I

v v-l r=O

where To =1,

2(v-r)( 2r-1 T T-1

v-r

Employing these relations, the code MORSE obtains results agreeing with existing

MORSE potential tabulations (Ref. 41, 36, 43). (The Franck-Condon factors end

r-c3ntroids are punched on cards suitable for input to code ABSMOL.)

2. The computer program ABSMOL ealuates the averaged absorption coefficient

of Eq. 40 for a particular band system in both the "PV-Branch" and "Smeared-Band'
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models. The temperature and spectral constants of Tables III and IV are entered

from punched cards, as are the Franck-Condon factors and r-centroids. If

employed, we also enter parameters defining the dependence of the electronic
2

.ransition moment Re (Tvfv,,) on the r-centroid v'v"

The band-head energy and f-number for each vibrational transition and the

spectral absorption coefficient and cummulative Planck-Mean generated by both

band mdels are evaluated and listed. The histogram of line strength for the

"NR-Branch" model is accumulated and output on punched cards, and the corres-

ponding absorption coefficient is output both graphically and on punched cards

suitable for input into RATRAC or COMBDS.

3. The COMbined BanDS computer program, COMBDS, was developed to compress

the single band output of ABM40L into an absorption coefficient and histogram

for a single molecular species. The output are both punched cards suitable

for RATRAC and graphic; the molecular absorption coefficients of Fig. 4-38

were obtained froia this code.

Although the combining of the contributing absoption coefficient is

tr~v:al, combining the separate hist.rZms is complicat'!d. This is because

each histogram describes the line strength distribution -f a single band

in each spectral interval relative to th- mean st. -, h in hat interval

for that band. Combining severil bands of differing mean strength into a

distribution about the resulting mean etrength is a non-trivial exercise in

computing and it Is solved in the presEnt program.
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V. Results and Conclusions

A. Molecular Absorption Coefficient

The results of our studies are presented in both graphical and tabular form.

The molecular bands we have treated and their spectroscopic constents are in Tables

III and IV. Table V contains the Planck Mean per molecule (in units 10 1 8 cm 2 ) for

each individual band system (Eq. 5) - a function of temperature only. Mo:ecalar

continua are not included in this table.

To indicate the relative contributions of indltidual species to air cadiation

we present in Tables VI - X the total Planck Mean - lines and continua for temper-

atures 6000 - 24,000°K, densities normal to 10 - 4 normal and broken down by species.

The molecular absorption coefficients generated according to our "PQR-Branch"

model of Chapter IV are in Figures 4-38. The quantity graphed is an effective

cross section (absorption coefficient per molecule) in units (10 " 18 cm2), averaged

according to Eq. 40 over the energy interval kx of Table III. These cross sections

are functions of temperature only. These graphs were generated by the computer

program COKBDS (Section IVE) and combine the individual band results obtained

by ABSOL, (Similar graphs for the individual band contributions are available

but are too numerous for inclusion in this report.)

B. Negative Atomic Ions

To the molecular absorption coefficients illustrated we have added the

absorption due to the atomic negative ions 0 and N-. The 0" cross section is

from Churchill, et al. (Ref. 51), and the N" cross section is from Kobzev (Ref. 57) -

an absorption process of considerablk controversy. Avilova, et al. (Ref. 4) use

an N cross section an order of magnitude greater than we employ here. (We

followed Avilova's results in our earlier report (Ref. 7).) Some recent
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Russian experiment-i work (Ref. 57) obtain values approximately twice those

we employ here. (The latter reference reviews most earlier work.)

.in all cases the experimental procedure is one of subtraction. The

emission intensity is observed in spectral intervals between listed spectral

lines, compared with a synthesized intensity, and the diffe"ence is attributed

to N_. The variation of the excess radiation with thermodynamic variables is

consistent with a binding energy of - 1.0 eV; only the large magnitude of the

resulting cross section has been difficult to explain.

As we have several times emphasized in this report, a synthesis of the

absorption coefficient where it is large seems quite reliable, but very question-

able where it is small. As noted in Ref. 57 the experimentally accessible

region is rich in spectral lines. The line atlases we employ contain many more

lines in this region than do most line locators - mostly lines of large principal

quantum number and hence considerable width. Asinovskil, et al. (Ref. 57) demon-

strate the sensitivity of their results to the shift of nearby photoionization

edges - an effect roughly accounting for the presence of these broad lines.

Furthermore, all the so-employed synthetic spectra with vrhich we are

familiar approximate the line emission by an isolated line approximation (Ref. 1).

Such treatments can in no way approximate emission from the wings of lines, which

we find may be of considerable importance at the temperatures and densities of

interest. Finally, free-free on neutral species and molecular contributions

musz be more carefully assessed. For these reasons, we are not yet ready to

accept the magnitude of the experimental N" cross section (Ref. 57 ).

The term diagram of N" is in Figure 53. Schaeffer and Harris (Ref. 58)

43
have estimated the 1D state to be bound by 0.844 eV and the S state to be

unbounded. We shift Kobzev's estimate (Ref. 57, Fig. 12, Curve (2)) to this
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binding energy and discard his 4S cross section. When we have included the line

wing formulation of this report in our computer program RATRAC we hope to study

these questions further.

C. Emissivity Results

The emissivity results obtained from our RATPAC code are presented in

Figures 39-48 for path lengths 10 - 2 - 1.0 cm, temperatures 0.5 to 5.0 eV and

densities 1.0 to 10- 4 normal. The molecular contribution Is included as described

in Section IVD, above. Finally, Figures 49.51 present the emissivity at a path

length L = 1.0 cm and pressures 1.0, 0.5, and 0.1 atmospheres as a function of

temperature.

.43

.43-



REFERENCES

1. R. R. Johnston and 0. R. Platas, LMSC Technical Report N-3L-69-1 (July 15,
1969)

2. W. Wiese, M. Smith, and B. Glennon, "Atomic Transition Probabilities,"
NSRDS-NBSI (1966)

3. H. R. Griem, "Plasma Spectroscopy," (McGraw-Hill, New York, 1964)

4. I. Avilova, L. Biberman, G. Norman, et al.,, JQSRI. 2, 89 (1969)

5. K. H. Wilson and R. Gr-iif, JQSRT 8, 1061 (1968)

6. B. R. Judd, "Second Quantization and Atomic Spectroscopy,' (Johns Hopkins
Press, Baltimore, 1967)

7. R. R. Johnston and 0. R. Platas, LMSC Technical Report N-3L-69-1-A (Jan 15,
1970)

8. W. L. Wiese. in 'Plasma Diagnostit Techniques," (R. H. Huddlestone and
S. L. Leonard, Editors, Academic Press, New York, 1965), Chapter 6

9. 0. Bely and H. R. Griem, Phys. Rev. A, 1, 97 (1970)

10. N. W. Jalufka and J. P. Craig, Phys. Rev. A, 1, 221 (1970)

11. M. Baranger, "Spectral Line B.?oadening in Plasmas," in"Atomic and Molecular
Processes," (D. Bates, Editor, Academic Press, New York, 1962)

12. B. Bezzerides, JQSRT -, 353 (1967)

13. B. H. Armstrong, JQSRT 1, 61 (1967)

14. V. N. Faddeyeva and N. M. Terentev, "Tables of the Probability Integral for
Complex Argument," (Pergamon Press, New York, 1961)

15. B. H. Armstrong, R. R. Johnston and P. S. Kelly, "Opacity of High Temperature
Air," Air Force Weapons Laboratory Report AFWL-TR-65-17 (Nov 1964)

16. P. A. Jansson and C. L. Korb, JQSRT 8, 1399 (1968)

17. C. D. Rodgers and C. D. Walshaw, Quart. J. Roy. Meteorol. Soc. 92, 67 (1966)

18. H. R. Griem, Phys. Rev. Lett. 17, 509 (1966)

-p4 -



I

19. S. Brechot, fysics Letters 24A, 476 (1967)

20. J. Cioper and G. K. Oertel, Pbys. Rev. Lett 18, 985 (1967)

21. D. H. Sampson, Astrophys. J. M, 575 (1969)

22. H. R. Griem, Phys. Rev. 15 258 (1968)

23. H. van Regemorter, Astrophys. J 136, 906 (1962)

24. J. Bond, K. M. Watson, and J. A. Welch, "Atomic Theory of Gas Dynamics,"
(Addison-Wesley, Reading, Mass., 1965)

25. I. Grant, Mon. Nat. Roy. Astron. Soc. 118, 241 (1958)

26. H. Margenau and M. Lewis, Revs. Mod. -bys. 31, 569 (1959)

27. M. Baranger and J. C. Stewart, "The Photon Absorption Coefficient in the
Windows Between Spectral Lines," General Atomic Report GAMD-996
(September 1959)(Unpublished)(Summrized in Ref. 1, Section 5.2)

28. H. Griem, Astrophys. J. 132, 883 (1960)

29. H. Griem, Astropbys. J. 136, 422 (1962)

30. H. Griem. Astrophys. J. , 1092 (1967)

31. M. Lewis, Phys. Rev. 121, 501 (1961)

32.. K. A.der, A. Bohr, T. {uus, B. Mottelson, and A. Winther, Revs. Mod. Phys.
28, 432 (1956)

33. R. W. Nicholls, Can. J. Phys. 38, 1705 (1960)

34. W. Jarmain, Can.J. Phys. 41, 1928 (1963)

35. M. Cann and P. Dickerman, "MolecuLar f-Numbers from High Resolution Spectro-
scopy," Air Force Weapons Laloratory Report AFWL-[-67-76 (1968)

36. T. Wentink, L. Isaacson, and R. Spindler, "Research in the Opacity of Low
Temperature Air: Oscillator Strengths and Transition Moments of Band
Systems of N2, 0, and NO," Air Force Weapons Laboratory Report AFWL-
TR-65-139 (December 2.965)

37. J. Generosa, Unpublished results frcm the Air Force Weapons Laboratory

38. G. Herzberg, "Molecular Spectra and Molecular Structure. I Spectra of
Diatomic Molecules," Second Edition (Van Nostrand, rinceton, 1950)

39. A. Douglas, Astrophys. J 11, 381 (1953)
38,11 2-95 .



40. F. Gilmore in "Thermal Radiation Phenomena," Vol. I (Lockheed Report DASA
197>.-1, May 1967) Tables 95-101

41. R. Nicholls, J. Research Natl. Bur. Standards 68A, 535 (1964)

42. K. Wray, JQSRT 1, 253 (1968)

43. R. Nicholls, J. Research Natl. Bur. Standards 65A 451 (1961)

44. E. Kuprianova, V. Kolesnikov, and N. Sobolev, JQST 2, 1025 (1969)

45. G. Marr, Can. J. Phys. 42, 382 (1964)

46. H, Ory, J. Chem. Phys. 40, 562 (1964)

47. M. Jeunehomme, J. Chem. Phys. _ , 1805 (1966)
C. E. Antropoy and N. Sobolev, 0pt-. i Spect. 16, 208 (1964), _, 654 (1964),22, 109(1967

49. J. Keck, R. Allen, and R. Taylor, JQSRT 3, 335 (1963)

50. R. Nicholls, Annales de Geophysique 20, 144 (1964)
It

51. D. Churchill, B. Armstrong, R. Johnston, and K. Muller, JQsRT 6, 371 (1966)

52. R. Nicholls and A. Stewart, "Allorw-d Transitions," in "Atomic and Molecular
Processes," (D. Bates, Editor., Academic Press, 1962)

53. 11. Aroeste and J. Magee, in "Thermal Radiation Phenomena," Vol. III (Lockheed
Report DASA 1971-3, May 1967)

54. R. G. Breene, et al., Air Force Weapons Laboratory Reports AFWL-TR-66-35,
Vol. I-III, August 1966, and AFWL-TR-67-77, Vol. I-III, Jan 1968

55. R. M. Goody, Quart. J. Roy. Meteorol. Soc. 78, 165 (1962)

56. G. Pla.3s, J. Opt. Soc. Am. 48, 690 (1958)

57. . Asinovskii, A. Kirilbin, and G. Kobzev, JQSR 10, 143 (1970)

58. H. F. Schaeffer and F. Harris, Phys. Rev. Lett 21, 1561 (1968)

59. J. E. Hesser, J. Chem. Phys. 488, 2518 (1968)

60. A. B. Callear, M. J. Pilling, and I. W. M. Smith, Trans. Faraday Soc. 62,

2W7 (1966)

-46-



APPENDIX A

APPLICATION OF SECOND QUT IZATION TO RACAR ALGEBRA

OF EIVTALENT PARTICLES

AI. Introduction

The use of second quantization in atomic spectroscopy has been in-

creasing rapidly in recent years. In deriving new relations, and rederiving

old ones, this method is often moxv straightforward and more powerful in

taking account of the PFmuli exclusion principle than working with an anti-

symetrized configuration space wave function approach. Consequently, it

is hoped that the explicit evaluation of off-diagonal matrix elements of

multi-electron atoms (necessary, for example, for calculating the auto-

ionization cross section) is more quickly handled by a computer if the

programming is based on second quantization rather than on fractional

parentage coefficients (FPC) and configuration space formulae.

An exposition of the most pertinent fornaae is given below, and in

the last section these are applied to a matrix element whose value has been

in dispute.

AII. Second Quantization Formalism for Fermions

This section will begin with a brief review of equivalence of the second

quantization (SQ) method and the configuration space (CS) approach in atomic

problems where the number of particles is a constant of the motion. The origins

1, "7



of SQ method will not be described here, but they can be found in a sizeable

number of textbooks on the theory of quantized wave fields (Ref. 1).

The CS method uses, in practice, sets o- single-particle states, and

the SQ method requires them even in principle. In this connection, it is

crucial that the Pauli Principle is obeyed.

The CS state function of the "particles" generally consists of a

superposition of determinantal wave functions

(l(x_) Cx(2) Cl(3 ) "" 1l(X)

Y(Xlx3 ... N) = I. x 2 (xC) T2 (X2 ) ..
(A.1)

cPN(X 1) ...... CPN(xN-l)CPN(xN)

where the Pl(x), 2(x) ... are a complete orthonormal set of Pauli eigen

functions of a suitable single-particle problem. For applications to atomic

spectroscopy the fcp. are the solutions to the wave equaiion with a screened

central field coulomb potential (possibly non-local due to exchange), i.e.

cpG( x ) = Rnj(r) Ym ( , cp)m

where Rn is the radial wave function, Y m is a spherical harmonic, and Xm is
S

a Pauli spinor.

In the SQ method the state function carries only occupat::cn number

information regarding the states y(x), 42(x) .. . For partic.es obeying

the Pauli Principle (Fermions) the occupation number N of any non-degeneratega

single-particle state a cannot exceet N. = 1. Thus, there exists a creation

-48-



operator such that

a, 0(A.2)

where 0 > andl a > denote, respectively, the states with N = 0 and 1. In

order to assure the correspondence of the state i a,, ... )P ...> =

+ + + + I 0 > of SQ with the CS determinental state (A.1), which is
"a ap ...aY 4 ...

antisymmetric under exchange of states, it is furthermore required that

+aA + a+  = 0 (A.3)

The Hermitian conjugate of a+ is the annihilation operator, with the

properties

a(7! > = 0 if a (A.4)

am1a
and

aOt ap +a a. = 0 (A.5)

The equations (A.2) and (A.4) therefore imply

aa ao 0> = 0

+a,,a,la > =la>

which makes aa aa the occupation number operator for state a.
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Moreover, in order to maintain the equality of

1Pa( x1 ) CPy(i) (Y2x2¢, d3 d3
<ap Y 6 > = fd3 x X (X1 ) cp(x2 ) p8(xl) tp(x 2 )

= 6 6 - 'a6 8 p

and

< a p > <oi a a a +10>,

it is required that

+ +aa P a= a13 (A.6)

Next, operators and their matrix elements will be compared in the CS

and SQ approaches. If the "particles" are identical, operators must be sym-

metric under exchange of particle labels in the CS representation. Operators

considered are made up of a sum of individual pa-ticle operators of the same

form,

F E f(xi)
i

and operators consisting of a sum of pair contributions of the same form

G =E g(xi, xj)

ij

If operators of the F and G type are used to compute CS matrix elements

with ful2y-antsymetrized wave functions (A.1), then the same values will be

found in SQ by using
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pa <P I f IaC > a
' p a

P

(A.7)

2 =E a+ a+ < Pa Ig !TU > SB

and the corresponding normalized state vector + + + 1 o>
In (A.7) the matrix elements are defined as

"PI f I a>-f d3x Cp(x) W f(x) 9,(x)

and

<Pa I g I u > f d3 x d3x2 q(X 1 ) (x2) 9(xl-xP) ((x) Pu(x2)

The sums p,a, ,u extend over a complete set of single-particle states. Thus, in

SQ the Pauli Principle is satisfied by using the anti-commutation properties of

the a+ and a operators.

It is worth noting that the equivalence of the two approaches is formally

rooted in the correspondence of the T of (A.1) and

In other words if the T and T* in CS matrix elements are replaced by the operators

*(x) ans **(x), and the matrix elements with respect to the occupation number

state vectors are taken, the result will be the same as the CS calculation.
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AIII. Rotational Transformation Properties

In order to be able to exploit rotational symmetry., a discussion of it

in the context of second quantization will be given in this section.

Consider two coordinate systems, "prime"f and "unprime" related to each

other through a rotation specified by a set of parameters R such as the three

Euler angles. In order that the form of the equations of motion and the anti-

I commutation relations be preserved in the two coordinate system, there muZt

exist a unitary operator U such that

1+ +a. = U %

Another -y of relating a and a is to examine the conmutation relations

of a+ and the orbital angular mcmentum operator

£j = ap < p L, a0> ac. (A.8)

Let the greek subscripts denote the principal quantum number, n, total orbital

angular momentum, 1, total spin angular momentum 1/2, z component of the orbital
angular momentum, m%, and z component of the spin angular romentum, ms. Ten,

using (A.3), (A.5), (A.6), and (A.8), we obtain conmtation relations

(A.9)

where 1+ = (Ix ± ity)/I2 and + = (n, , mt+ 1, m]. Thus, the commutation

relations of £ and at are the same as those of L and Ym . Since the
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commuaton relat:Umns generav~te the local -valuer, off a' we knov their -.alucc in

the large, just as ith the YAm" For the latter

( = 1 D(R) Y'M(q

where Dm, (R) is the matrix element of the A-dimensional irreducible represent-

ation of the rotation R for the three-dimensional rotation group. If spin is

now considered by introducing the spin angular momentum operator

a +~a < P I s~ T > a
+ T

and its comautation relations with a + , one readily sees that a+ transforms

according to a s = 1/2 representation in its spin quantum numbers. Therefore,

"U 1=EDt (R)Dl/2,(R) + (A.10)

Because

D (R) =D (R)

the relation complex conjugate to (A.10) becomes

Ua, U1 =E D', (R-1) DI/' (R-1 ) ac, (A.11)

In other words, a. does not transform according to a ( R) -n' (R).

Relations (A.10) and (A.11) are useful in establishing the transformation

properties of more complicated quantities built up from sets of products of a+

and/or a, as, for example, multi-particle creation operators.
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If the spin-orbit interaction is neglected, as will be the case through-

out this appndix, each stationary state of a system of bound atomic electrons

will have an integral value of the total orbital angular momentum, L, ard a

half-integral or integral value of the total spin angular mcaentur S. We

show how to combine products of the a s to form such states.

In combining two angular momenta and J2 so as to form an eigenstate

of their total Lngular momentum J (with z components, ml, m2, and M, respect-

ively), the vector coupling coefficient < J, ml J2 m2 I J M > appears according

to

I JlJ2 f- > = < J1 , m I M > I '1m >I J2m2 > (A.12)

The explicit form of the vector coupling coefficient is given in numerous books,

e.g., Brink and Satchler (Ref. 1), and Judd (Ref. 4). However, for present

purposes the following relations (Ref. 1) will suffice.

E < ' lml 'J 2 I ..M > < JM '"I "1mi J > = 6(m5."q) 6(m,,)
ii

(A.13)
-< imI J1m J? 2 > < JIPI J2I JM' > = * ( )&(J, )

< ,Jin J2% I ,M > = (-) 1+ -J < J ,2 Jel IM > (A.I4)

If i and J2 refer to the angular momentum of identical Fermions, then (A.12)

must be brought into accord with the Pauli Principle. This is done by
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costrieting states

Jl* -M =j<lm 2ojJM>a > (.
Jlm 'mm

.Lo prove that the ws te ! a1a2 JM > actually haz the elgen value J we
ja

examine -he behavior of i under rotation. The rotational behavior of tae

creation operators is given by (A.IO), written explicitly as

U ~ + D
tMI U*1  (R) a+ (A. 16)am'm

Hence,

U U= U a + a + U -<O a jm~l 2m2  J1 m1 ~~.

n m = a +maiMa~a (A.17)

Al J21

DnmlD2 D lm < < ajnl a !jn2 2  (A. 17)

Using the orthogonality relation (A.13) and (A.18), Eq. (A.17) becomes

So u- ~m, n< am I J2m' > + aJ, D ,M

' W
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Thus, transforms accor'lirk to the J-dimensiona. irreducible representation

of the rotation group.

From eq. (A. 15) on we have treated only angular momenta Jl and

two identical particles. in the present approach, where L-S coupling is

ignored, each single-particle state is an eigenstate of spin and orbital

anglar momentum (total and z components). This causes only[ a minor compli-

cation. Since spin and orbital motion are uncoupled, they transform separately,

according to (A.19). The relation equivalent to (A.19) becomes

u 0 Uf ZD~t DL t t ' LMt 0 mtt
mt tt

where

States of more than two particles having a certain total L anwi S can thus

be built up from pairs of particles with given transformation properties (and

a single particle) if the number of particles is even (odd). For example, a

four-electron state of particular L and S can be constructed from pairs of two-

electron eigenstates as follows

ti1 s 2 (L'S), £3a3 440 (L"S"); LS > =

<LL'Mt LM" I Ld > < SIT S"T" I ST>V S' L"S"10o>

with the operators given by (A.20); some of the z component labels , as well

as the normalization constant, have been suppressed.
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For the precentation of elementary angular momentum coupling relations,

such as those above, the vector coupling coefficient notation suffices. However,

for problems involving a great many angular momenta (as in the following section),

it is simpler to exploit the symmetries of the 3-j symbol, which is defined by

the relation

< a a b P! a-* > (-l)a' '  --/ (A21

As a result of (A.21) the 3-J symbol has the following very useful pro-

perties. For non-cyclical permutations of columns,

mlm2m3/ m3m4)l

and

Numerous authors have introduced their own transformation symbol anaLogau to

(A.21). As a result, errors in phase, due to different conventions, can easily

be made by the beginner. A good example of this is the different unes of the

same symbol V by Racah (Ref. 5), and de Shalit and Talmi (Ref. 7). Probably

the most complete listing of the various transformation symbols is collected

in Yuatsis, et al. (Ref. 8). The 3-J symbol, however, seems to be becoming the

most ildely used.
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IV. Off-Diagonal Matrix Elements for the Electron-Electron Tnteraction

As is comonly done, the eigenfunctions pa(x) of (A.1) will be taken

to be those of a Hartree-Fock Hamiltonian. The electron-electron interaction

which is thereby neglected must be approximated. It is, therefore, necessary

to evaluate matrix elements of the form

< A'V I B > (A.24)

where <A 1 and j B > refer to multi-electron states having certain values for
the quantum numbers LA = LB and SA = BB and different occupation numbers for

individual particle quantum numbers,

I C > --is ( S)2s-(CS)-24( 3P) >

Vhas the form of in (A.7). The two-particle matrix ei-ament to be evaluated

has the form

lvi Y 6 > :J *(I) (1 p,(i) ( dx, d3X, (A.25)

12

If the addition theorem for spherical harmonics

m=1t
(21+l)P(cost) = 4,1 Y02(42))(-1)m .- (

is applied to

K
r12 PK(cos2)
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[ which in turn is substituted into (A.25), and one obtains

< ab V c d > Q (A M, Ac1 wc (Afld,Abb) x

Xc R'(V8 a5 - ' Ub~b u~c udtd)8(Ma4i%, Mcd X (A.26)

x 6(.(a), M.(.)) 6(M.(O), %(6)).

Definitions introduced in (A.25) are the following:

CK(A m AIt' W 2 ~ il~~ em ~

0

vhere

and
2 . K 22

iu(a ,% %, u ) = eE < (1) Rb(2) Rc(i) Rd(2) rl 2 drldr2

'0 0 r~

with the R subscript e = tne,-Ael.

It can be ahown that

0 -' m) (A.27)

and thus the angular integrations are disposed of. The evaluation of RK will not

be discussed further because the evaluation of these integrals is not related to

the influence of the Pauli Principle on the rotational properties of matrix elements.
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The task of finding the non-vanishing ps.-ts of the various products of

annihilation and creation operators In (A.24) can be systematically carried

out with Wick's Theorem (Ref. 6), or by matching directly creation and an-

nihilation operator pairs so that there are no non-vanishing matrix elements.

It seems that this procedure is not hard to do on a computer.

To some extent, this investigation arose from A discrepancy in the

value of

x=<2s (S) 2 ( 3p); 3 P IVI2s3d(lD), 2( 3p); 3p >

calculated in two attempts to apply the CS approach based on FPC. A computer

program gave X = X+, where

X l (2s, 2p) 2p, 3d) ,R 2 (2s, 2p, 3d, 2p)

while an application of Feno's prescription (Ref. 3) gave X=X-. It was decided to

evaluate X by an independent method, i.e. by the use of SQ. The main steps

of this approach will be sketched next.

The eigenvalue of the z component of the orbital and spin angular

momenta we denoted by a = 0 and a for an s electron, and for a p electron

and A and aA for a d electron.

Due to (A.15) and (A.21), the normalized ket is given by

B > 1 (S) B(L + + I +1
= 2E ]]a' ,A ,I A aAa , A0>

where, for simplicity, the spin a labels have been omitted on the creation oper-

ators as well as on A( s ) and B(s).
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B (L) 3 Vf 0 2 2)(l1 1 1am 0 3A5 -A / T ,T -(Y.4,f k Tr+TV -. ,"*x ,,

B ~ S I 3 0af 1A 1 C I

Similsrly, the normlized bra is given by

A i = ~<o A(S) A(L)

2a -a TT ~ i" IT.TM C M

with

10 i 1

a -a 0/ ,, , a 1  -(aln+ ar, )0 a n+ a1.w -(qa,,+ ar.,.

A 1 1 1 0) 14 1TrT

and

e 2 - + +

Non-vanisbing contributions of V to X occur if the two creation operators

involve an s and p electron, and if the two annihilation operators refer to d and

p electrvns. The contribution to the electron-electron coulomb energy matrix

element X vanishes if particles other than p electrons are both "created and

annihilated" in V. Thus, it turns out that the total number of non-vanishing
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A a a a > elements is sixteen.

After carrying out all contractions of a and a, X may be written in the

form

X-- 23/2 (n I)

where

SII = A8, Ar, <I, In~, A> , BL ,

(A.31)

I --E Al, AL><i, -.aVIA, Tr>B DS , I L ,

Only a single term in both <'W, -c I V rr, A > and < W, .a I V I A, T >

expansions does not vanish (see A.26)') as can be seen from the explicit values of

the 3-J symbols (Ref. 1) occurring in (A ') and-(A.27), thus

" i, -a I V I A, T > = 2 (-J)? 6(a , %) 6(a..,o) 6(f,*A,

< ,-o I VTI A> = ( -) .(at, a,) 6(a-., )6(,+)

A further simplification takes place at this stage because X is diagonal

in the z components of the total spin and orbit angular momentum - in fact, X

is Independent of both. Therefore, both of these components my be taken equal

to zero.

Then one finally finds tht the sums of (A.31) give

I = -R /6 2

ii/i = 6/5-R2/R1
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Therefore,

XX = .X R (2s, 2P, 2P 3d- R (2s,. 2p, 3d, 2p)

which is the result obtained by Fano' s treatment.*

Dr. Paul aguzs. Private Comunication, IBM Research Laboratory, San Jose, Calif.
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A MIX B

ON THE NUWMCAL ERTION OVER DETAILEM SPECTRAL LINE PROFILES

The preliminary emissivity results reported in Ref. 1 have been found to be

numerically unstable for varying choices of the photon energy mesh interval

at densities below 10-3 normal. At such low densities collisional line

widths may become less than 10- eV and any computationally practical mesh

interval Aw may contain a large, but unknown, number of strong narrow lines.

To treat these in the evaluation of the contribution to Eq. 4 from the

photon interval (w, w + Aw), we write

jO'(W) = f(W) + g(w)

where f(w) consists of all of the contributions to p'0u) which vary slowly

in the neighborhood of w.

Then

Ae(W.) = w+&JB(w)3[ - wLw1v aT

,AW -g(w,Aw e- f (w) L 1-- II

As described in Section IV E of Ref. 1, f(w) includes continuous

ab8orption, 'broad" lines (width W > Aw), "weak" lines (absorption at line

center less than continutn absorption), and the -wlnes of "strong narrow"

lines (with line centers lyine outside the interval [w - , ro + 2 Av).



We visualize the situation as in Fig. 1. The lines numbered (1) through
(6) are all "strong narrow" lines by the a-ve criteria. The integration

over the interval [w, w + ft] is performed by subdividing Aw into unequal

subintervals sufficient to resolve in [w, w + Aw] all the "strong narrow"

lines whose centers lie in the larger interval[w - W, w + 2 Aw), accumulating at this

submesh the total absorption coefficient due to all lines in the larger

interval (plus f(w)) and integrating by trapezoidal integration.

The earlier numerical instability referred to above was due to an

unsuitable prescription fcr defining the energy submesh. With extensive

computer experimentation we have obtained a .prescription which is efficient

and accurate for all cases we have tested (densities down to 10- 7 normal

and temperatures 0.5 eV to 100 eV).

Two passes are made through the contributing strong narrow lines.

Every such line whose absorption coefficient at line center lies below the

wing of any other line is removed frow. the mesh-defining considerations.

In the example of Tig. 1, only lines (1), (3), and (4) will define the

submesh. The minimum in the absorption coefficient due solely to adjacent

pairs of these remaining dominant lines is evaluated, assuming Lorentz wing

profiles - resulting in the energy values x2 and x4 in the figure. The

width of each dominant line then is employed to subdivide the mesh bet, ween

its two adjacent minima - line (1) governs the interval LxO = w, x2] and

liie (3) the interval [Y 2 x = w + Aw]. Specifically, the interval

[x 2 ,xl] is subdivided by the energies w3, w3 ± Bn, where B° = 0.25 W3 and

Bn = 1.6 Bnl(n = 1,2,...), w3 being the line center of line (3) and W
3 3

its width. The energy submesh so obtained is then ordered, the absorption

coefficient due to all lines evaluated over it, and the integration is

performed.
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The submesh defined in this fashion by definition resolves the

dominant lines and by experience is sufficiently fine graine. to resolve

the non-dominant ones. Results included in this report were evaluated by

this procedure.
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*1 -20..

If
0.0 -1.128
0.2 -1.OO
0.4 -. 803
0.6 -. 486
0.8
1.0 +.o86
1.2 .245
1.4 .314
1.6 .316
1.8 .280
2.0 .232
2.2 .185
2.4 .146
2.6 .117
2.8 .095
3.0 .079
3.2 .067
3.4 .057
3.6 .050
3.8 .o4
4.o .039
4.2 .035
4.4 .032
4.6 .029
4.8 .G265.0 .o24

Table I

Auxiliary Function f(y) in Modified Doppler Limit to Voigt Profile
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Table V1. TOTAL PIANOK MEAN (CM-I)* - (By Species)

Density p/po 1.0

- 4000 6000 8000 10.000 12oo 118.000 24,000

N2  4.14-7 3.24-4 1.82-2 9.92-2 1.05-1 8.96-3 1.69-3

02o 6.60-4 3.61-3 3.02-3 2.88-3 2.69-3 1.31-4 1.59-5

NO 2.6-4 9.22-3 2.80-2 3.32-2 1.98-2 2.09-3 1.50-4 ;

2.03-11 2.26-6 1.05-3 1.4c-2 2.38-2 1.15-2 2.29-3

NO2  - 2.43-5 2.06-6

" - 1.28-6 1.49-4 2.32-3 1.20-2 -

x - 3.26-4 1.50-1 3.41 1.6o+1 9.55+1 1.43+2

N+  - 2.8.6 1.3-3 3.73-2 3.37 2.78+1

0" - 6.17-4 2.81-3 1.o6-2 3.06-2 -

0 " 6.75-4 2.48-2 2.o4-1 8.61-1 7.78 1.75+1

0 " " 2.7-5 9.65-4 1.94-1 n.65

1.51-2 2.2..l 3.78 .+ 1.o?+2 1._92+2

- Includes Free-free end 4igher degrees of ionization
* 6.75-4 denotes 6.l5xlO'



Table VII. TOTAL PIANCK MEAN (CM -) * - (By Species)

Density P/po w 10

SPECIES £DE R M'k
4000 6000 _000 i l. ooo . 0 i28.4 2.

? 4.22-8 3.11-5 9.68-4 1.66-3 1.15-3 1.04-4 1.74-6

02 3.10-5 4.55-5 3.33-5 3.02-5 2.66-5 8.21-7 2.o8-8

NO 1.79-5 3.21-4 6.79-4 4.58-4 2.o6-4 1.17-5 1.77-7

5.10-12 1.4-6 2 .63-4 8.34-4 8.32-4 2.15-4 1.30-5

"O2  - 9.50-8 5.23-9 - - - -

N 7.57-8 7.36-6 9.47-5 3.89-4 - -

N 9.98-5 3.47-2 4.79-1 1.76 6.95 5.25

+ - - 2.80-6 5.79-4 1.26-2 9.O-1 5.16

0 - 1.2-s 6.29-5 3.28-4 9.48-4 -

0 7.27-5 2.59-3 2.82-5 8.51-2 6.s6-1 7.32-1

6+  - - 9.14-6 3.10-4 5.77-2 5.68-i

TOTAL** 5.94-m 3.93-2 4.86-i 1.86 8.57 1.18+i

Includes Free-free and bigher degrees of ionization
6475-4 denotes 6. 50



Table VIII. TOa"KAL PLANCK F A. (CM') *- By Species

Density p/po = 10
2

SPE.CIES TNMI k
4,ooo 600o 8ooo Iooo I .ooo 18.000 24o0o

4.31-9 2.58-6 2.15-5 1.89-5 9.71-6 6.55-8 6.67-11

0, 6.33-7 4.84-7 3.41-7 2.97-7 2.39-7 1.76-9 4.65-12

NO 8.15-7 9.51-6 1.03-5 4.66-6 1.81-6 2.07-8 3.68-12

3.50-12 5.30-7 2.10-5 2.82-5 2.34-5 1.57-6 2.14-8

No2  2.91-10 7.99-12 - - - -*02
- 3.87-9 3.05-7 3.04-6 1.08-5 -

N 2.85-5 5.17-3 i.71-2 1.61-1 2.91-1 8.35-2

s+  1.51-6 1.89-4 3.82-3 1.79-1 6.35-1

o"2.-427 1.77-6 1.02-5 2.71-5 -

o 7.47-6 2.63-4 2.o8-3 8.01-3 3.24-2 1.25-2

o+  1.2-8 2.89-6 9.70-5 1.39-2 7.60-2

TOTAL** 4,95-5 5.49-3 4.95-2 1.73-3 5.17-1 8.12-1

Includes ree-free and gher degrtees of ionization
r6.75-4 denotes 6.75300"



Table IX. TOTAL PLANCK MEAN (Cf'I)*- (By species)

Density p/po = 10
3

SPECIES Tu1PE (k)
,oo 6ooo 1 o8000 10.000 1200 18000 24,000

N2  4.33-10 1.42-7 2.49-7 1.55-7 1.73-7 1.66-1 7.30-15

02 7.58-9 4.92-9 3.38-9 1.16-9 4.6o-1 5.65-13 5.14-16

NO 2.83-8 2.26-7 1.10-7 4.22-8 1.14-8 5.90-12 4.07-15

+ 1.89-12 1.62-7 7.82-7 8.17-7 4.85-17 3.13-9 2.30-11

N02  6.93-13 - -

N -1.63-10 1.01-8 8.75-8

N 6.70-6 5.55-4 4.41-3 1.16-2 5.11-3 8.94-4

-
+  5.24-7 5.80-5 1.15-3 2.35-2 6.63-2

0" 4.39-9 5.46-8 2.98-7

0 7.45-7 2.60-5 1.97-4 7.06-4 6.42-4 1.36-4

0+  3.9-9 9.01-6 3.10-5 2.05-3 7.96-3

TOTAL* 7.96-6 5.83-4 4.68-3 1.35-2 3.13-2 7.54-2

Includes Free-free and higher degrees of ionization
6.75-4 denotes 6.75x10"-



Table X. TOTAL PLANCK MAN (CY1 )* - (By Species)

Density P/P0 = 10 4

4000 6000 8000 10.000 12000 18.000 24000

4.37-11 3.36-9 2M52-9 1.06-9 1.15-1¢ 4.43-15 3.79-18

02 7.9o-U 4.96-11 2.o4-11 8.86-12 1.34-12 6.77-,7 5.19-20

NO 9.06-10 3.49-9 1.07-9 2.98-10 2.75-11 6.94-16 4.12-19 --

N2 1.04-12 1,69-8 2.44-8 1.90-8 4.57-9 3.47-12 2.30-14

NO2  .......-

N 1.03-6 5.40-5 3.55-4 5.20-4 5.49-5 7.8-6

- 3.9-11 1.63-7 1.63-5 2.32-4 2.46-3 4.s-3

0 - 7.52-8 2.71-6 1.83-S 3.58-5 6.97-6 1.5-6

o* - - 1.31-9 2.89-7 7.66-6 2.22-4 7.5-4

TOTAL** 1.13-6 5.69-5 3.90-4 7.74-4 2.75-3 6.90-3

Lncludes Free-free and Pigher degrees of ionization
* 6.75-4 denotes 6.75x10"+
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